The process of pattern formation in the two dimensional Swift-Hohenberg equation is examined through numerical and analytic methods. Dynamic scaling relationships are developed for the collective ordering of convective rolls in the limit of infinite aspect ratio. The stationary solutions are shown to be strongly influenced by the strength of noise. Stationary states for small and large noise strengths appear to be quasi-ordered and disordered respectively. The dynamics of ordering from an initially inhomogeneous state is very slow in the former case and fast in the latter. Both numerical and analytic calculations indicate that the slow dynamics can be characterized by a simple scaling relationship, with a characteristic dynamic exponent of
The process of pattern formation in the two dimensional Swift-Hohenberg equation is examined through numerical and analytic methods. Dynamic scaling relationships are developed for the collective ordering of convective rolls in the limit of infinite aspect ratio. The stationary solutions are shown to be strongly influenced by the strength of noise. Stationary states for small and large noise strengths appear to be quasi-ordered and disordered respectively. The dynamics of ordering from an initially inhomogeneous state is very slow in the former case and fast in the latter. Both numerical and analytic calculations indicate that the slow dynamics can be charac- Convective instabilities in liquid systems provide an interesting example of nonlinear, nonequilibrium processes. An example of such phenomena that has received considerable attention in recent years is the onset and formation of roll patterns in Rayleigh-Bénard convection [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . In this paper we consider a simple model of this process, the SwiftHohenberg [1] (SH) equation, to study the situation in which a nonconvective state is brought above the convective threshold, for a system of infinite horizontal dimension. Once above the convective threshold, a complex pattern of convective rolls emerges. By studying extremely large systems, we focus our attention on the collective behavior of a large number of rolls. If all sources of fluctuations are small (let F denote their amplitude) the rolls form small locally 
where ψ is a scalar, two-dimensionald field related to the amplitude of the eigenfunction corresponding to the unstable mode and is commensurate with the convective rolls. The quantity ǫ = (R − R c )/R c acts as a control parameter, and η is a random field, Gaussianly distributed, with zero mean and correlations,
where F is the intensity of the noise.
The salient feature of the SH equation is that the Lyapunov functional associated with Eq.
(1) is minimized by a one dimensional periodic function which corresponds to a configuration comprised of straight, parallel rolls. The appearance of such "striped" patterns is a common feature in nature and has also been observed in magnetic films, block co-polymers, the visual cortex, liquid crystals, microemulsions and eutectic growth. Equation (1) can be expressed in terms of a Lyapunov functional F in the following manner,
where F is given by,
As noted in the original work of Swift and Hohenberg [1] , this model does not fall within the classification scheme of Halperin and Hohenberg [15] . Although other systems select a characteristic wavelength which is finite (as in order-disorder or anti-ferromagnetic transitions), this model differs in that the pattern of rolls is rotationally invariant. Thus small changes in orientation are associated with very small changes of F . Another important feature of Eq. (3) is that ψ is a non-conserved variable since d rψ( r, t) can vary in time. In Section (II) a Lyapunov functional with these two generic properties is considered, in order to both study the SH equation and to establish the extent to which our work may apply to other systems.
For the one-dimensional SH equation, Pomeau and Manneville [7] have obtained an approximate solution ψ 1d that minimizes F in the limit of small ǫ. This solution will be used to estimate the size of various quantities that enter into the analytic calculation given in Section (II). The solution is given in a power series in ǫ, and is,
where
2 , and
In two dimensions, a solution that minimizes F is for example ψ(x, y) = ψ 1d (x). This solution corresponds to a set of straight rolls parallel to the y direction.
By analogy with a liquid crystal, we will refer to such a configuration as smectic since it contains both long-range translational and orientational order. Although this solution minimizes F , it is doubtful that it could be obtained via numerical simulation of the SH equation from an initially random state due to the difficulty in removing defects in the absence of fluctuations. In fact, Pomeau and Zaleski [8] , and Kramer and Zimmermann [9] have derived other stationary solutions to the one-dimensional SH equation that are not a global minimum of F and involve a local shift in the phase of ψ (e.g., ψ sin(k o x) for x < −a and ψ sin(k o x + π) for x > a).
The presence of fluctuations (i.e., F = 0) changes matters significantly. In one dimension long range order is broken. A numerical solution of the stochastic SH equation in one dimension by Viñals et al. [14] has shown that a finite ǫ ′ leads to a diffuse peak in S(k, t). 
where, S(k, t) = k < |ψ( k, t)| 2 > / k , k is the wavevector, x is a dynamic scaling exponent, and the orientation ofk have been averaged over. This relationship should be valid for extremely large systems, comprised of many domains of different orientation. Equation (6) is analogous to the scaling relationships observed in spinodal decomposition and orderdisorder transitions. In domain growth phenomena the structure factor has been found to obey the following dynamic scaling relationship [17, 18] ,
, where R(t) ∝ t x is the average domain size and d is the dimension of the system. The differences between this result and Eq. (6) are due to the existence of a non-scaling length: the roll width. The specific value of x has been shown to be of considerable importance in first order phase transitions, and is particular to a given universality class. Systems with a conserved or non-conserved scalar order parameter fall into classes characterized by x = 1/3 and x = 1/2 respectively.
In Sections (II) and (III) analytic and numerical methods are used to estimate the dynamic exponent x for the SH equation. The analytic calculation is an expansion around a curved set of rolls of varying width, and is an extension of the interfacial methods used in first order phase transitions. Some of the results of Toner and Nelson [11, 12] alluded to in the preceding paragraph are recovered in Section (II), and are shown to be consistent with the numerical results given in Section (III). In the final section a discussion of these results is presented and comparisons with other systems is made.
II. DYNAMICS OF CURVED ROLLS
Insight into the ordering dynamics can be obtained by considering the relaxation of a set of convective rolls in which the orientation and spacing varies slowly in space. This description precludes the explicit consideration of defects, which will be discussed later.
A typical pattern that falls within this description is shown in Fig. (1) which was taken directly from the numerical calculations to follow. In the absence of defects, the dynamic evolution can roughly be separated into three distinct mechanisms: the relaxation of the local curvature of the rolls, the relaxation of the distance between consecutive rolls, and the relaxation in the functional form of ψ (to be described later). The latter fluctuations will be seen to decay much faster than the other mechanisms which describe changes in the positions of the roles. To begin the calculation a Lyapunov functional F {ψ} of a scalar function ψ of the form,
is considered, with the restrictions that F is minimized (in the absence of noise) by a roll structure with characteristic wavenumber k 0 , ψ is non-conserved and g is an even function of ψ. Subject to these restrictions the functions f and g can be written,
The SH equation can be recovered by choosing a 0 = ǫ − 1, a 1 = −2, a 2 = −1 and a i>3 = 0, and c 1 = 1/4 and c i>1 = 0. We restrict our analysis to even powers of ψ due to the symmetry of roll patterns, while pointing out that odd powers of ψ can lead to interesting behavior such as stationary solutions with hexagonal symmetry. The dynamical evolution of ψ is given by,
Other systems that are modeled by Eqs. (7) and (8) In order to describe the relaxation of the configuration illustrated in Fig. (1) , the
Cartesian coordinates x and y are mapped onto curvlinear coordinates u and s as indi-cated in the figure. In this new coordinate system, a vector r(x, y) = xx + yŷ becomes
is the normal to the m th roll, u m is restricted to the region (2m−1)π/k 0 < u < (2m+1)π/k 0 , and m = 0, ±1, ±2, .... The coordinate system is shown in Fig. (1) . In the new coordinates the Laplacian operator becomes,
where the curvature κ = −∂θ(s)/∂s, κ s = ∂κ/∂s and θ(s) is the angle between the tangent to the u m = 2mπ/k 0 curve and the x axis. Assuming that the curvature of all the individual rolls is small, i.e., πκ/k 0 << 1, Eq. (9) becomes,
Coupling between rolls is incorporated by considering the fluctuations in the separation between them. The field ψ is expanded around the one dimensional stationary solution in the following manner,
where, ψ 1d is defined by the equation,
This decomposition describes the relaxation of the local curvature through the curvature dependence of the Laplacian (Eq. (10)), and the relaxation of the separation between rolls through the function h. δψ takes into account fluctuations about the one dimensional functional form of ψ described by Eq. (12) . The validity of this expansion depends on the assumption that the one-dimensional solution ψ id is valid normal to the lines defined by ψ = 0. The numerical results to follow verify that this is quite a good approximation at late times. As can be seen in Fig. (1) , ψ 1d is found to be a good approximation to ψ in the direction normal to the rolls for distances of 6 to 20 consecutive wavelengths.
The assumption that h is small precludes a rapid change in the phase of ψ that would be associated with defects.
We next substitute Eqs. (10) and (11) into Eq. (8), and expand to lowest order in κ, h, δψ, and their derivatives. This gives the result,
where w = u m + h(u m ). The coefficients of the terms proportional to κ and ∂h/∂u are iden-
For the SH equation replacing ψ 1d by a sinusoidal function is an extremely good approximation for small ǫ as was shown by Pomeau and Manneville [7] . The coefficient of the term proportional to δψ is less than zero since ψ 1d is a minimum of F which implies
The evolution of δψ can be obtained by introducing the projection operator,
where, < η
In deriving this equation, it was explicitly assumed that the length scale over which δψ varies is much greater than the roll wavelength, that is, δψ is approximately constant over length scales of the order 2π/k 0 . In addition it was assumed that the coefficient of ∂h/∂u was negligible. For the SH equation, Eq. (14) becomes,
if Eq. (5) to lowest order in ǫ is used for ψ 1d . Thus δψ decays exponentially in time since
2 is less than zero for all k. In the next few paragraphs, it will be shown that the other mechanisms decay as a power law in time and consequently the relaxation of the initial roll pattern considered is controlled by the motion of the rolls.
These dynamics can be extracted by applying a different projection operator, i.e.,
dw(∂ψ 1d /∂w). Applying P P to Eq. (13) gives,
where,
and < ζ(m, s, t)ζ(n, s (16) proportionality is difficult to obtain, moreover it would depend on the existence of defects.
The effect of defects in related models has bee studied by Toner and Nelson [11, 12] .
Their analysis begins with a generic free energy of the form,
Assuming that b 1 is negligible, Eq. (16) can be written in the form, ∂w(x, y, t)/∂t ≈ −δG(w)/δw + ζ.
where the free energy G(w) is given by Eq. The idea of expanding ψ around an almost parallel roll configuration has been used by others, including Toner and Nelson [12] and Ahlers et al.
[10]. In these works ψ(x, y) is expanded around sin(k 0 x). Our work differs in that ψ is expanded around the one dimensional solution of the SH equation (which is not in general a sinusoidal function) in a coordinate system commensurate with a curved pattern of rolls. In our work ψ 1d is assumed to hold in the normal direction to the line defined by ψ = 0, not simply in the x direction. In addition, the projection operator techniques not only decouple fluctuations in the functional form of ψ from curvature and wavelength relaxation, but also show that the fluctuations in the functional form of ψ are irrelevant since their decay is extremely fast.
III. NUMERICAL SOLUTION
The numerical results to be presented were obtained by discretizing both space and time derivatives in Eq. (1). Euler's method was used to discretize the time derivative and the approximation for the Laplacian included contributions from nearest and next-nearest neighbors. Schematically the numerical algorithm can be written,
where, the indices (i, j) represent the coordinates (x, y) and the index n represents time.
The Laplacian is evaluated using the following discrete operator,
where, the notation (nn) and (nnn) refers to the nearest and next nearest neighbors to the site (i, j) respectively. Absolute time and spatial coordinates are recovered by the simple relationships, t = n∆t and r = (ix + jŷ)∆x. to be m n (t) = k 0 +w(t)
In fitting S(k, t), k 0 was found to be very close to 1 which is the value selected by linear theory. The scaling relationship given in Eq. (6) implies that m n (t) ∝ t −nx , w ∝ t 
IV. DISCUSSION AND SUMMARY
The results of the numerical and analytic work provide several predictions for the collective ordering of rolls in the limit of infinite aspect ratio. The stationary or steady states should be strongly influenced by any random noise source, such that above some critical noise strength (i.e., F KT ) an isotropic state emerges, while below F KT an nematic or smectic state arises. It should be emphasised that the numerical work indicates that the transition is characterized by a drastic increase in translational order, but was not sufficient to determine the precise nature of the states below F KT . An independent estimate of the transition line (F KT ∝ ǫ) was obtained in Section (II). Further investigation at other values of ǫ would be useful to establish this relationship.
The dynamical behavior of the collective ordering below F KT was found to obey the dynamic scaling relationship given in Eq. (6) for at least three decades in time. In addition, a growth exponent of x = 1/4 was observed in the nematic region. This value of x disagrees with an earlier theoretical calculation and we have presented a possible resolution of the discrepancy. We are, however, unable to explain the smaller exponent of x = 1/5 observed for ǫ = 0. Although this work focused on the stochastic Swift-Hohenberg equation, we expect that both features discussed, namely the existence of a transition between a quasi-ordered to a disordered state, and the asymptotic dynamical scaling behavior, are generic features of two-dimensional systems defined by Eq. (8).
The difficulty in observing these phenomena in Rayleigh-Bénard experiments is that previous experiments were conducted on very small systems in which boundary effects play an important role. In addition, estimates of the noise strength for real experiments is typically much to small to observe the transition. However recent experimental studies of electrohydrodynamic convection in nematic liquid crystals [25] have been able to detect and quantify the amplitude of the fluctuations before onset (fluctuations in simple liquids are believed to be too small to produce observable effects such as the ones presented here).
Furthermore, since typical roll widths in these systems is of the order of microns, large aspect ratio samples are readily available. Experimental verification of the issues discussed in this paper seems therefore possible. 
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Smaller grid spacings are needed to have the correct spectrum of fluctuations at large k, but we have seen no appreciable differences in S(k, t) around k = k 0 in the nematic region. In the disordered region or below threshold a large grid spacing would lead to overestimating the intensity of the fluctuations, as measured, for example, by d rψ 2 ( r, t).
24
In order to obtain an estimate of v from reference (11) it was assumed that the high temperature values of the constants K 1 and K 3 could be used. In Fig. (a) , S(k, t) is displayed for F ′ = 0.075 at t = 700. In this figure the points correspond to the numerical result and the solid line is a fit to A/(B + (k 2 − k 2 0 ) 2 ). In Figs.
(b) and (c) S(k, t) is shown at F ′ = 0.05 and 0.0 respectively. In both these figures, the curves (from bottom to top at k = 1) correspond to t = 10 2 , 10 3 and 10 4 . 
